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My research W) Coop

Component separation/modelling of the

* | am a chargé de recherche CNRS at I[JCLab Galactic signal
Orsay, south of Paris

* | did my PHD at IRAF, (Toulouse) (ena 2023
and a postdoc at SISSA (Trieste, ltalie =
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Measure of the fundamental constants in
the early universe (and elsewhere!)

e | work mostly on CIVIE science (its polarisation
as well as a bit of history and philosophy of
ohysics (mostly gauge theories

e Contact me at leo.vacher@ijclab.in2p3.fr
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This class

General gravity is a , and also theory:
e |s General relativity our final ?
. can we go beyond?

e How can probe the nature of gravity?

| think | have been way too ambitious! We'll go where we can go!
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This class

e | - Foundations of
e || - theoretical models of

e Hands-on , the archetypal scalar field model (?)
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L ecture notes and proofs available at:

Incomplete and probably a lot of typos!!!! Let me know it you spot some
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. Foundations of general relativity:
Theory and observations
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To study modified gravity, you must have a deep
understanding of GR

Misner, Thorne and Wheeler:

e 2,/2kg
e 1336 pages
e 1973 (needs 2000 more pages)

Another recommendation: Will (2018) (see notes)
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What to ask of a gravity theory ?

At minima, should be described as:
e A force.
e Acting
. L . . Gmm,
e Reproducing of gravitation under some suitable limits: V. . =
r
with G G = 6.674300(15) x 10~ "'m’kg~'s™2 (Codata 2022).
e Reproducing when « turned off ».
° (no contradicting predictions).
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https://physics.nist.gov/cgi-bin/cuu/Value?bg

What to ask of a gravity theory ?

At minima, should be described as:
e A force.
e Acting
. L . . Gmm,
e Reproducing of gravitation under some suitable limits: V. . =
r
with G G = 6.674300(15) x 10~ "'m’kg~'s™2 (Codata 2022).
e Reproducing when « turned off ».
° (no contradicting predictions).

This might seem stupid but this constrain already a lot the possible theories.
fails! (Why?), but it's
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The weak equivalence principle (WEP)

Now we can also ask for an additional requirement (should we?)

e Gravity is it accelerates every mass identically.

This is an observational fact: the
It can be used as a to build a theory (true both in Newt. and GR):

. all bodies fall identically in a gravitational field, independently of their
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The weak equivalence principle (WEP)

WEP tested by the mission (Touboul+
2021) tor a pair of titanium and platinum, the

@, — a,|

N=2———=
la; + a; |

Resulting in:

n=(-15%+27)x 1075

Mg
|

See also the review: Bergé+ 2023
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The Einstein equivalence principle (EEP)

We can add two other requirements on top ot WEP, to build the EEP:

o IS true

. the outcome of any local non-gravitational experiment is
independent of where and when in the Universe it is performed. As such, there is no “preferred”
event in space-time in which laws of physics would be different.

. the outcome of any local non-gravitational experiment is
independent of the velocity of the reterence frame in which it is performed. Thus, inertial frames are

all equivalent.
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The Einstein equivalence principle (EEP)

We can add two other requirements on top ot WEP, to build the EEP:

o IS true

. the outcome of any local non-gravitational experiment is
independent of where and when in the Universe it is performed. As such, there is no “preferred”
event in space-time in which laws of physics would be different.

. the outcome of any local non-gravitational experiment is
independent of the velocity of the reterence frame in which it is performed. Thus, inertial frames are

all equivalent.

If one is true, we have reasons to believe that the three are:
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Metric theories of gravity

EEP allows the «
that famously lead Einstein to GR. If it is valid, it allows for a

e Space-time is a smooth M equipped with a
g,
Geodesic A/
e \WWEP: Trajectories of freely falling test bodies are of the *

unique metric g,

e At every point of space-time, it is possible to find a frame in which

(LPI + LLI). Free fall frames = inertial frames of special
relativity
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Metric theories of gravity

EEP allows the «
that famously lead Einstein to GR. If it is valid, it allows for a

e Any theory satistying the EEP is called a

e Many theories this is the case of WO
RN
near Planck scale. R
-\% 1 \ ‘ ,‘ |
e EEP talks about but nothing N
about how gravity responds to matter) N
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Tests of the EEP: local Will (2014,2018)
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WEAK EQUIVALENCE PRINCIPLE LOCAL LORENTZ INVARIANCE LOCAL POSITION INVARIANCE
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Tests of the EEP: astrophysical

Testing for stability of (dimensionless)

ds.
e’ 1 m, 1
— ~N — or — — ~
drnc 137 m, 1340

s a direct test of the EEP (see notes)
Many complementary probes can be usead

For a review see lecture notes and Uzan (2024)
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Tests of the EEP: cosmological
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Tests of EEP: local data are extremely sharp!

Atomic clocks:

0y 0.0002 - : ;edezg-;
— =(1.8%2.5) % 10~1° yr‘l —— fese = 0.3
ao 0.0000
. CCSD —0.0002 -
# ~17 1 B
//t— = (3.09 £ 1.42)x 10 yI A oo
O —————————————————————
Filzinger+ 2023 —0.0006 - \
t becomes thus extremely hard (and even R K
impossible) to build simple varying 0° o100 102 10 10 10°  10° 107
the constant at CMB to solve the H,, tension anc btz
avoiding these data without (Vacher & Schéneberg 2024)
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Now, what is GR?

One possible metric theory of gravity!
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A metric theory of gravity: General relativity

* (S1): Space-time is a M.

e (52): M is equipped with a g at each point.
associated with gravitation, which space-time evolution must be found.

(These two axioms are motivated by EEP as we saw before)

L. Vacher- Ecole Euclid 2026



A metric theory of gravity: General relativity

* (51): Space-time is a M." Higher dimension theories

e (52): M is equipped with a g at each point.
associated with gravitation, which space-time evolution must be found.

Additional fields of gravity

(These two axioms are motivated by EEP as we saw before)
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A metric theory of gravity: General relativity

e (S3): Mis equipped with a V defining of tangent vectors. V is
(S3a) and (S3b). Hence, the unique , expressed from g.
are transported through generalizations of V.

A A
In a local chart: Vﬂ(v 6/1) = (0,)1 + F/IMUVV)BA

1
1—% — 1—1/1 + Vpgluy — O — F/I,MI/ — _g/lg (aﬂggy T aUg(fl/t - agg/’”/)
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A metric theory of gravity: General relativity

e (S3): Mis equipped with a V defining ot tangent vectors. V is
(S3a) and (S3b). Hence, the unique , expressed from g.
are transported through generalizations of V.

e (54): Space-time contains . This matter is described by , the matter fields y on curved space-

time. Collectively, their local at every point of space-

time, are encoded in a symmetric (0,2)-tensor T/w' called the

L. Vacher- Ecole Euclid 2026



A metric theory of gravity: General relativity

e (S3): Mis equipped with a V defining of tangent vectors. V is
(S3a) and (S3b). Hence, the unique , expressed from g.
are transported through generalizations of V.

Theories with torsion, non-metricity or non minimal coupling

e (54): Space-time contains . This matter is described by , the matter fields y on curved space-

time. Collectively, their local at every point of space-

time, are encoded in a symmetric (0,2)-tensor T/w' called the

Theories with other types of matter: arguably not modified gravity (?)
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A metric theory of gravity: General relativity

e (D1): are satistied:
| y{ 6}
G,MI/ — w Eg/w — C4 T,ul/ — Ag,m/

e (D2): Matter tields obey their special-relativistic tield equations in any local inertial free-talling
frame. A simple and general way to satisty this demand is to leave the special-relativistic expressions

untouched in other general frames with the replacement# — g and 0 — V. This prescription, is

sometimes kKnown as or

L. Vacher- Ecole Euclid 2026



A metric theory of gravity: General relativity

o (D1): are satisfied: Other more complicated equations
(higher order terms)
1 3G
G,uy — w Eg/“/ — C4 T,ul/ — Ag,m/

e (D2): Matter tields obey their special-relativistic tield equations in any local inertial free-talling
frame. A simple and general way to satisty this demand is to leave the special-relativistic expressions

untouched in other general frames with the replacement# — g and 0 — V. This prescription, is

sometimes kKnown as or

Lorentz violating theories
(Cosmic birefringence etc)
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A metric theory of gravity: General relativity

e (D1 + D2): Can be contained within the single

4
Sen = J\/— Fd ( 16CnG(R —2A) + me(1//)> d*x

with the

1224 \/_‘g‘ 5g//t1/
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A metric theory of gravity: General relativity

e From D1+D2 it follows:

VﬂT’W =0 (good for consistency!)
1AV U, = 0 (good for EEP!)
H
& — Gm (good as its one requirement!)
P see proofs in notes
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The strong equivalence principle

Strong equivalence principle (SEP): take EEP and remove all « local non gravitational » from the text.

- S=S,+5,

4

4 C
Sm — J\/_‘ ‘ me(l//a )d X Sg — J'\/_‘ ‘ 16JZ'GR( )d4x

Strong equivalence principle (SEP):



The strong equivalence principle

In theories violating the SEP

SmZJ\/_‘ ‘gm(wa )d4x SgZJ\/_‘ ‘ng( 9¢°°°)d4x

. , hence a theory can be metric (EEP true) and violate the SEP (this will be the case of
the great majority of theories of moditied gravity we will explore)

e [f Newton constant (& varies with space/time the 1T Hence

(see the painful proof is in the notes). This is also the case in most of the moditied gravity theories.



The strong equivalence principle

G is the most fundamental constant (and people does not even agree on its value, the
so-called (Gibney (2026))

However, using Lunar Laser Ranging (LLR):

— | =(=5.0%£9.6) x 107 P yr-1

But poorly measured with cosmology, ~ 10% with CMB



https://pubmed.ncbi.nlm.nih.gov/42014838/

Testing GR on every scales (see notes for all constraints)
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Testing GR on every scales (see notes for all constraints)

GM GM\’ GM
PPN parameters: |90~ L2 25( 2 ) ik =~ (1+27 2 )5j

Parameter Best constraint Effect Source (year)
v—1 (2.14£2.3) x 107°  Shapiro time delay Cassini — Bertotti et al. (2003)
B—1 (—1.6 £1.8) x 107>  Mercury perihelion + solar J, MESSENGER — Genova et al. (2018)
S 3.9 x 1077 Spin precession Solitary millisecond pulsars — Shao & Wex (2013)
o —O.4f§:{ x 107° Orbital polarization PSR J1738+0333 — Shao & Wex (2012)
() 1.6 x 107° Spin precession Solitary millisecond pulsars — Shao et al. (2013)
Qs 4 x107% Self-acceleration Pulsar spin-down statistics — Will (2014)
1 0.02 Combined PPN bounds Will (2014)
¢ 13 % 10-5 Binary-pulsar self-acceleration ( Combined binary pulsars — Miao et al. (2020),
? ' U, V) improving Will (1992)
Newton’s 3rd law (1
G 1 x 1078 ewton's 3rd law (lunar Bartlett & Van Buren (1986)
acceleration)
Not independent:
0.006 Will (1976
“ 6Cs = 3as + 2¢; — 3¢3 (1976)
Nordtvedt effect (Not MESSENGER — Genova et al. (2018); LLR gives

SEP —6.6+7.2) x 107°
v (SEP) - (=6.6£7.2) x 1077 o bendent, see below) (—0.2 £ 1.1) x 10™* — Hofmann & Miiller (2018)
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Testing GR on every scales (see notes for all constraints)
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https://journals.aps.org/prx/abstract/10.1103/PhysRevX.11.041050

Testing GR on every scales (see notes for all constraints)
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Can modifications of GR solve cosmological puzzles?

You don’t need modgrav, GR already does, with A. As you may know the big problem is
the 10'%Y orders of difference with QFT prediction (Weinberg 1989). Now is it a gravity or
a QFT problem? Its | This is exactly at the interface — quantum gravity

Many moditied gravity try to generate dark energy and supersede A. This will

However, all of them face tine tuning,
struggle to solve the CC problem (yet another Weinberg no-go theorem).

Attempts at moditying gravity to explain DM :
Explain very well rotation curves and predicted Tully fisher relation
Struggle with two observables: and . (Next slide)

Relativistic generalisations, solves it but at a big fine tuning price
+ need new fields = new matter?



https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.61.1

Can modifications of GR solve cosmological puzzles?
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GR and cosmology

what would it change for cosmology if gravity theory was not GR,
Let’s say Newtonian theory for example?



GR and cosmology

what would it change for cosmology if gravity theory was not GR,
Let’s say Newtonian theory for example?

nothing at the background level! Friedmann equations can be written in Newtonian theory, even
including spatial curvature as a boundary condition (see notes)

H> =)

l

3nGp;
3

In order to probe properly modified gravity one must study



Perturbations in a FLRW metric

2
| > )czdt®dt+a2(t)[<l > )51;;'"'

dx' ® dx’/




Perturbations in a FLRW metric

dx' ® dx’/

g+0g~— (1 | zz)czdt®dt+a2(t)[<l 22 )5ij+
C C

(T+6TYy==@+6p), (T+8D)°;=@+P)v, (T+6T);=(P+56P)6 +1T,

See J. Lesgourgues classes and notes!
+ Baumann (2022) and Dodelson (2025 3rd ed)




Perturbations in a FLRW metric

dx' ® dx’/

8+5gz—(1 | - )czdt®dt+a2(t)[<l 22>5U.+
C

= —4zGp A
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Perturbations in a FLRW metric

dx' ® dx’/

= —4nGp A
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Perturbations in a FLRW metric
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Perturbations in a FLRW metric: tensor modes

The tensor part describes the

. . k?
2 —
hij + BHhZJ + C Zhl] = ()

This is a standard wave equation of velocity ¢ in Fourier space: tanford, Washington (H1) vingston, Louisiana (L1
1.0 - ' -k 2
el -
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U U . : o ) o e N | =i e S S
_ + 2 =0 with 9 _—ikd;—> —k : R T 1) [ N A S v

Recons

. 1+ . : g:g;}lu' }”v:“ o /\'ur‘\: i
And with an additional Hubble friction term due to expansion -o.s..ijj,WWf 'WM&-
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Perturbations in a FLRW metric: tensor modes

't can be extended in full generality based on standard wave physics:

.. : k?
With m # 0O different
Modes k propagate with

ditferent (group) velocities

dw/dk

2 212 2
(Change of amplitude in propagation) - = CTk + m

predict specitic values tor vy, cp,m,. In GRvp = 0,¢p = ¢, M, =0



Perturbations in a FLRW metric: tensor modes

hy + 3H(14+0 )k + ( ];—z+ )h;; =0
—3x 107 <CgTW— 1 <7x107'  Abott et al (201/)
M, <127 %107 eV/c? GWTC-3 (2025)
Poorly constrained!  Ej = .27 Belgacem (2018)

dow!d;


https://arxiv.org/abs/2112.06861
https://arxiv.org/abs/1712.08108

Testing GR on every scales (see notes for all constraints)
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Perturbations in a FLRW metric: scalar modes

k2
d
k? 2
Z P =— 3 k +
a2 G pA ;( > )=—47TG p A — =
Growth of structure Lensing Lensing

—ach has its for the functions u(z, k), 2(z, k) and 5(z, k)



Perturbations in a FLRW metric: scalar modes

k2
d
k? 2
Z P =— 3 k +
a2 G pA ;( > )=—47TG p A — =
Growth of structure Lensing Lensing

In the next slides, all the plots | made myself are using: https://github.com/sfu-cosmo/MGCAMB

All tutorials are available with the notes



Perturbations in a FLRW metric: scalar modes

force on matter
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Most models considered today are conformal,

their effect can be understood as g, — Azgﬂy, they do not impact light £ =1

3.0



Growth rate f=dlnD/dIna

Growth rate across the modified-gravity zoo (mock 2.5% errors on ACDM)
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u and the growth of structures

A +2HA — 472G p.A =0
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u and the growth of structures

Blue
Red
GGreen

Solid

Dashed : PL

: Galileon

- vGalileon
- vACDM
- PLB

Barreira et al (2014)
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u and the growth of structures

Surveys access fog through measurements of the redshift space distortions (RSD), instead of f as it largely
cancels the Galaxy bias
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Non linear growth

180 Mpc/h

Above a certain size, perturbations are not
inear anymore (first order is not enough)

You can try going to higher orders but at

PERSEUS

some point

You need which can be

used to test gravity

For more, try:

https://github.com/Hi-COLACode/Hi-COLA




2. and the lensing
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2. and the CMB

Large scales of the CMB are sensitive to the ISW effect « J(@ + ¥)dr

CMB is also sensitive to total light detlection by LSS (lensing)
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Barreira et al (2014)
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2. and the CMB

CMB temperature (unlensed scalar): the ISW effect
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Combining all probes together to constraint modified gravity
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Combining all probes together to constraint modified gravity

Qpe(a) [1+c (A\H(a)/k)*

,U(CL, k) =1 + 1o

QA 1+ (AH(a)/k)*

X(a, k) =1+ o Qpr(a) |1+ c2 (A\H(a)/k)?

(DESI collaboration (2024))
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Studying modified gravity is not an easy job!

. Whatis ? s it ?
. Which (51-S4, D1,D2) does it violate?
Does it have a if so, what is it?
Does it satisties ~and ?
Compute the for all the fields
Look at the imit — PPN parameters — constraints
Are — constraints

— Cr, U, m,— constraints

- background + perturbations
— H(z2), u(k, z), 2(k,z7) — constraints






DISCLAIMER

Probably

Do not try to if you can't
Try not to confuse the forest for the trees, and get the

All prootf and details are in and we can talk



First: The multiple faces of GR! (GR is fantastic)

- GRas a in spacetime
- GR as a flat theory with or
- (Bonus: as curved space-time)



GR: field theory or geometry?

A generic in tlat space-time is of the form:

L =ZLud) = V() +K{J,d) + £,

S Jf‘fd“x 5S

|
-

S (9% \_ 9%
“\ 00,¢) ]  9(9¢9)



GR: field theory or geometry?

A generic in tlat space-time is of the form:

L =ZLud) = V() +K{J,d) + £,

he typical example being the
theory:

1 1
L = = —0,p0"h Emzqﬁz + kpJ + £, (p)

With the equation of motion: And the is defined generally as:
1 0°V

(0,0'¢p +m) =xJ — > v




GR: field theory or geometry?

A generic in tlat space-time is of the form:

L =ZLud) = V() +K{J,d) + £,

This does not look like GR at all! :'(

1
Ly =\ — R-2N)+ &

Ot course not! GR is not about a field in tlat space-time!



GR: field theory or geometry?

A generic tield theory in flat space-time is of the form:

This does not ¢

Of course not! GR is about geometry not about a tield in flat space-time! Or is it777



Spin 0 gravitation: Nordstrom theory

The simplest Lagrangian for a scalar tield transmitting gravity:

L= - la DD+ kpTe(T) + Z,,

(Nordstrom 1912-1913), see also Deruelle (2011)

Simplest interaction you can think of that would make sense:

e ¢ should interact universally with something all matter have. We know energy density (mass)
and pressure gravitates — it has to be 7, somehow

e |t should be linearin T and ¢ otherwise and

e it should be a Lorentz scalar, linear from T/w we have only I = Tr(T) = T’L



Spin 0 gravitation: Nordstrom theory

The simplest Lagrangian for a scalar tield transmitting gravity:

L= - la DD+ kpTe(T) + Z,,

K my

0,0"¢p = — KTr(T) A¢p = kp P = — -




Spin 0 gravitation: Nordstrom theory

The simplest Lagrangian for a scalar tield transmitting gravity:

L= - la DD+ kpTe(T) + Z,,

Great! This is a relativistic version of Newton theory, it fits all our requirements of lecture 1 !

. It contains I (Might be the only one with GR)*

* Under the natural replacement k¢ Tr(T) = &£, [(1 + K¢)2;7W], see conditions d'achat en magasin



Spin 0 gravitation: Nordstrom theory

The simplest Lagrangian for a scalar tield transmitting gravity:

L= - la DD+ kpTe(T) + Z,,

Great! This is a relativistic version of Newton theory, it fits all our requirements of lecture 1 !

For radiation



Spin 0 gravitation: Nordstrom theory = geometry !

Detine a metric (that is a of a flat metric):

g, = +kp)n,

Nordstrom theory is absolutely equivalent to the . (Einstein and Fokker 1914)

R =24zG1r(T),

(Light is not affected as contormal transtformations leave Maxwell Lagrangian invariant)

* Under the natural replacement k¢ Tr(T) = &£, [(1 + K¢)2;7W], see conditions d'achat en magasin



Other spins

Can’t work! Single exchange would be scattering, pair exchange give a force in 1/r°

Can't work! Opposite repels instead of attracting! Cf electromagnetism

Can't work! No conserved current (general arguments based on Noether second

theorem and possible conserved sources) (Weinberg+)

See the notes + Feynman’s lectures on gravitation and Weinberg quantum theory of fields



Spin 2 gravitation: Fierz-Pauli action

The , , kinetic term is

1 1
Prp = — =0, W + 0 b, W — 3 O +—0h Oh  Fierzand Pauli (1939
N K'“uv J7 v N K




Spin 2 gravitation: Fierz-Pauli action

The , , kinetic term is

1 1
Prp = — =01, N + 01, P — 9 W0, h + —0h Fh

k' uv
2 °F 2
K U
+5hIWT'u Natural to source (1/2 is a convention)
( naturally built in, from field considerations on

allowed couplings, see Weinberg again)



Spin 2 gravitation: Fierz-Pauli action

The , , kinetic term is

1 1
Prp = — =01, N + 01, P — 9 W0, h + —0h Fh

p R 2
“hoTm
+5 w
Equations of motions give exactly (linearised) (D1) with 8 =My + Khﬂy!

Predicts:

—Gmym, 4GM
V. = 00 =

(= T
H r c2b



Spin 2 gravitation: Fierz-Pauli action

The , , kinetic term is

1 1
Prp = — =01, N + 01, P — 9 W0, h + —0h Fh

p R 2
“hoTm
+5 w
Equations of motions give exactly (linearised) (D1) with 8 =My + Khﬂy!

Do not predict: correct mercury perihelion shitt (non-linear GR)



Spin 2 gravitation: Fierz-Pauli action

The , , kinetic term is

1 1
Prp = — =0, PN + 0, b, PR — 3,70 h + —0h Fh

2 K “UU M 2
U
+ (T 1)
What is missing:
Gives | Deser (1970)
So GR can be understood as a (bootstrapped) of spin-2 field: the

Field and geometry are two faces of the same coin!



Spin 2 gravitation: Fierz-Pauli action

The , , kinetic term is

| |
QCZFP = — —ad h  o0"h"* + a h a”h/"K 0 h"*o h+—0 ho*h Fierz and Pauli (1939)
9 KUV U 1% 9 K

Massive gravity (level 0)

(T + T +...)
(h) Could explain cosmic acceleration?

2 ” g
+M§ (h/whw B (”ﬂyhﬂ”)z)

(Only term without ghost, dot2 — 5

ditf. gauge symmetry broken)

Recall from first class: Mg < 1.27 X 1072 eV/c?
For cosmic exp: Mg ~ 1 x 10733 eV/c?

Massive gravity is a super exciting topic, we will not have time to properly cover ... see notes or the wonderful
Video classes "Moditied gravity by Rachel Rosen"




Spin 2 gravitation: Fierz-Pauli action

The , , kinetic term is

| |
Prp = — =0, PN + 0, b, PR — 3,70 h + —0h Fh
9 KUV U 1% 9 K

v v 4 Massive gravity (level 1)
7 7
2 /U/(T T T(h) )

vDVZ discontinuity: Does not give GR when M, — 0
2 UL UL 2 :
+M2 (b b — (h,,)

Vainshtein screening: Hides the discontinuity

dRGT gravity: Modern form ot the theory

Massive gravity is a super exciting topic, we will not have time to properly cover ... see notes or the wonderful
Video classes "Moditied gravity by Rachel Rosen"




A sidetone | can’t resist: Newton-Cartan theory

A Newtonian space-time is the quadruplet (M, , k, V)

absolute time

spatial slice

Malament (2012)
Schwartz (2023)
Schuller YT videos (2015)




A sidetone | can’t resist: Newton-Cartan theory

A Newtonian space-time is the quadruplet (M, 7, k. V)

absolute time

spatial slice
Newton theory can be rewritten

- all free bodies move on geodesic of the connection

ity is there):
(gravity is tnhere) VVV — 0 ) > 0
- it a body deviates from a geodesic a Force F is exerted on it:

Vv=Fm F)=0
- Or in the single Malament (2012)

R, = 4nGpr 7, Schwartz (2023)
Schuller YT videos (2015)




A sidetone | can’t resist: Newton-Cartan theory

A Newtonian space-time is the quadruplet (M, t, k, V)

Newton theor

- Newton frist
(gravity is there

- Newton secc

- Or in the sinc

R, = 4nGpz 1,



The geometric trinity of gravity

% b p P K p
I aw = + uv + L w
Uv — —

contorsion  disformation

Levi-Civita
The rotation of a vector transported along a closed
curve is given by the curvature: General Relativity.

—» \ T, p
N _ 1 _ai
} Qo — 9 8 a,ugxlv + avgxl,u — aﬂg UV
122%
K%, ==T%, +T,°
pv = o T p T (1 v)
The non-closure of parallelograms formed when two The variation of the length of a vector as it is 1
o . . a — a 04
vectors are transported along each other is given by the  transported is given by the non-metricity: L u = - Q v — Q( U V)
torsion: Teleparallel Equivalent of General Relativity. Symmetric Teleparallel Equivalent of General Relativity. 2

Jiménez (2019)




The geometric trinity of gravity

#dof’s=10 - 2x(4Diffs) = 2

The rotation of a vector transported along a closed
curve is given by the curvature: General Relativity.

(87
T,JJ/

\
} Qa/.w

The non-closure of parallelograms formed when two The variation of the length of a vector as it is

vectors are transported along each other is given by the  transported is given by the non-metricity:
torsion: Teleparallel Equivalent of General Relativity. Symmetric Teleparallel Equivalent of General Relativity. ~ #dof’s=16 - 2x4Diffs - 6 (Local Lorentz) =2  #dof’s=10+4 - 4Diffs (CG) - 2x 4Diffs’(bound.) = 2

Jiménez (2019) Jiménez (2019)




The geometric trinity of gravity

#dof’s=10 - 2x(4Diffs) = 2

The non-closure of parallelograms formea wnen twc ne variaton Or tne 1engtn O a VECTor a

vectors are transported along each other is given by the = transported is given by the non-metricity:
torsion: Teleparallel Equivalent of General Relativity. Symmetric Teleparallel Equivalent of General Relativity. ~ #dof’s=16 - 2x4Diffs - 6 (Local Lorentz) =2  #dof’s=10+4 - 4Diffs (CG) - 2x 4Diffs’(bound.) = 2

Jiménez (2019)




The geometric trinity of gravity

Higher orders moditied gravity:

Id4x\/jg% + AR

—Jd4x\/—g [+ f(T)

_ Jd4x\/jg@ + (@)

All have widely difterent
oredictions!

#dof’s=10 - 2x(4Diffs) = 2

Generalisations

#dof’s=16 - 2x4Diffs - 6 (Local Lorentz) =2  #dof’s=10+4 - 4Diffs (CG) - 2x 4Diffs’(bound.) = 2

Jiménez (2019)




The geometric trinity of gravity

Higher orders moditied gravity:

#dof’s=10 - 2x(4Diffs) = 2

[d4x —g

_Jd“x —
—Jd4x

A ‘ ‘ h a V e W I d e ‘ y d I -H:e re n t #dof’s=16 - 2x4Diffs - 6 (Local Lorentz) =2  #dof’s=10+4 - 4Diffs (CG) - 2x 4Diffs’(bound.) = 2

oredictions!

Jiménez (2019)



Why going beyond GR?

- GR is an

cCosmo..., wea
robust, multip

theory both lab, solar system, pulsars,
<, strong, extreme regimes (quantum untouched)] and (beautiful,

e taces)

So why bother?

We are physicists! (GR need to be tested against something + it is not perfect)
(meh)
(did DESI-DR2 really show a cross phantom divide?)

(implies higher order terms as gquantum corrections!)



How to go beyond GR? Lovelock

The Einstein-Hilbert action with a cosmological constant is
the only local, diffeomorphism-invariant action of the metric alone whose tield equations are second

order in 4D.
Assumption First class
L1  Four spacetime dimensions Hidden in Sl
L2 The metric g, is the only field Assumption S2
L3 Field equations of at most second order in derivatives Hidden in D1

, o _ Hidden in the tensorial formalism (inherited from
L4 Diffeomorphism invariance , _ ,
general covariance discussion)

LS Locality, and the equations follow from an action Hidden in D1 and D2

L6 (implicit) The connection is the Levi-Civita connection of g — o

no torsion, no non-metricity



How to go beyond GR? Weinberg-Deser

General relativity is the unique consistent

(no ghost) low-energy theory of a single self-interacting massless spin-2 field on flat four-

dimensional spacetime.

Wi
W2
w3
W4
W5
W6
W7
W8

W9

Assumption

Exactly one spin-2 field

It is exactly massless

Poincare (Lorentz) invariance

Unitarity / positive energy — no ghosts

Locality

Two-derivative, i.e. leading order in a derivative expansion
Four dimensions

Flat (Minkowski) background

No other light fields coupling to matter



How to go beyond GR?

Modified Gravity
Theories
Theories with .. - .
Extra Fields Tl,‘el‘:::'e:):"g; Non-local Theorles with Other Theorle.s:
lars, vectors Hig : Higher emergent gravity,
(tea ams, ’ Derivatives Theories Dimensions Torsion
tensors, mixed)

Ishak (2018)




How to go beyond GR?

Modified Gravity
Theories
lﬁh:t(:-l:ep?i:::sh Theories with Non-local Theories with Other Theories:
(scalars, vectors Higher Order , Higher emergent gravity,
tensors, mixed)’ Derivatives ERcesks Dimensions Torsion

QUANTUM GRAVITY REQUIRES THESE EXTENSIONS

Ishak (2018)
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Additional degrees of freedom: scalar fields

Cosmologists love scalar fields!

without breaking Lorentz/diffeo invariance and other symmetries
Nature approved: field !
Solving : early symmetry breaking, , (dynamical) dark energy ...
in many models beyond the standard model (quantum gravity) and/or with
extra-dimensions: Kaluza-Klein +

: Clear stable predictions.

of GR < Einstein-Hilbert action coupled to one or several scalar

fields



General considerations: Ghosts, instabilities and tachyons

At the perturbation level, one obtains ike (or expanding action at second order):
k? 2 2 2
Fw*=6—+ M w? = c?— +m? fF
a? a?
, M
m = —-
F
- 1€ <0itsa —> fatal for the theory
fe2 <0it'sa —> tfatal for the theory
fm? < 0it's a —> not so great 0

1t's a big challenge for moditied gravity theory to avoid these guys!

The general methodology to look tor them is spelled in the |



General considerations: screening

There exist three types of screening to avoid while remaining
cosmologically interesting:

O VO V2P

No time for the details (See P._Brax’s lecture)

Discussion: ?



General considerations: screening

There exist three types of screening to avoid while remaining
cosmologically interesting:

O VO VP

No time for the details (See P._Brax’s lecture)

Discussion: ?

Could be, but | (Electromagnetism, Higgs boson!)



N

Scalar fields: Quintessence

in curved space-time ( ):

J /=gl (16”G<R 2A>——a o' - V(cb))

space-time, equations of motion are

aV 37
b+ 3Hdp = — — H2=—( + )



Scalar fields: Brans-Dicke

A in curved space-time ( ):

J “x/=1g] (16::G( R — 2/\)—— PO P — V(cb))

Fantastic! This is our first proper moditied gravity theory:

- Motivated from deep physical/philosophical principle: (see notes)
- violation of ~different metric for
- Must have cosmological u+2X#n#l



Scalar fields: Brans-Dicke

A in curved space-time ( ):

1
S = Jd4x\/— ¢ ( (R =20)——0,40") - V(gb))

Brans and Dicke (1261)

The cosmological equations are already | (with, historically V(¢) = 0)

p—3P 87p K $+m$2
2w + 3 3¢p a? b 6 P?

¢+ 3H¢p = 8x



Scalar fields: Brans-Dicke

Under a suitable transtormation (Einstein/Jordan frame)

1
I 4 — I —
S = [d x\/—1g| (167[(R[g] 2A)

2

1 .
¢"0,$0,p — V<¢>) + L

)



Scalar fields: Brans-Dicke

Under a suitable transformation (Einstein/Jordan trame)

1 1 -

S= Jd4x\/_‘g‘ (1 e A T ) +$m(lljae_1<$gﬂy)




General scalar-tensor theories

in curved space-time ( ):

|
S = [d4x\/— | g | ( 167z( R —2A)— 0,(0" p— )



f(R) is a general scalar-tensor theory

More complex functions of the Ricci scalar

1 1
= | d'x/- S=Jd4 -
S J x\/—lg| — x\/—lgl —

Many ditferent functions can be used, providing models for



f(R) is a general scalar-tensor theory

More complex functions of the Ricci scalar

1 1
S=[d4x\/—\g\ v =[d4x\/—\g\ 167z( )

_— 4 _ 1
—Idx\/ \g\mﬂ( )

This is Brans-Dicke theory with @ = 0 and potential V(¢) = R¢p — f(R)
The scalar tield is called

Going to Einstein frame, we see that scalaron is screened as a Chameleon with f = — 1/\/6



f(R) is a general scalar-tensor theory

More complex functions of the Ricci scalar

1
— | d*x /=
[ x\/ 8] 167

2
f(R) =R+ R_ Starobinski inflation! Starobinski (1980)
6M >
, (RIM?) o M? | |
f(R)y=R-—-M ~ R — —M — M Cosmic acceleration!
c,(RIM?)" + 1 CH (322 R

Hu-Sawicki+ (2007)

M* = H;Q

m



f(R) is a general scalar-tensor theory

More complex functions of the Ricci scalar

1
S = [d*x/=
J /=T8T

100 A +2HA —4zG p.A =0
| A,(a,k) =D(a)A,, k)
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Even more general scalar fields: Horndeski

The containing a scalar field and a metric:

SH = /d433 V=9 (L2+ L3+ L4+ L5) + Smlguws Y]

Lo = Ga(¢, X) Horndeski (19/74)
£3 — _G3(¢a X) ¢

dG4 i

Li=Ga(, X)R + S22 [(O8)° - V,V.$ V*V"$
L5 = G5($,X) G VPV — — T2 [(09)° ~ 304V, V.8 VFV*$ + 2V, V,$ V'VP4 V,V46)

Second order is to avoid ghosts. Higher orders with no ghost are called Langlois (201/)




Even more general scalar fields: Horndeski

The containing a scalar field and a metric:

SH = /d433 V=9 (L2+ L3+ L4+ L5) + Smlguws Y]

L2 = Ga(¢, X)
£3 — _G3(¢a X) ¢

dG4 (
dX |

0
M=
|

G4(¢7 X) R A

8)? — V,V, 6 VEV'$

1 dGs (
dX |

Ls =Gs5(4,X) G, VEV ) —

8)° — 306V, V, ¢ VAV S + 2(V, V., V'VP V, Vi)




Even more general scalar fields: Horndeski

The containing a scalar field and a metric:

SH = /d433 V=9 (L2+ L3+ L4+ L5) + Smlguws Y]

Lo = G2(¢, X)
£3 — | G3(¢a X) ¢

dG4 (
dX |

L4s=Gy(d,X)R +

8)? — V,V, 6 VEV'$

1 dGs (
dX |

Ls =Gs5(4,X) G, VEV ) —

8)° — 306V, V, ¢ VAV S + 2(V, V., V'VP V, Vi)




Even more general scalar fields: Horndeski

The containing a scalar field and a metric:
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Even more general scalar fields: Horndeski

The containing a scalar field and a metric:

SH = /d433 V=9 (L2+ L3+ L4+ L5) + Smlguws Y]

Lo = G2(¢a X)

£3 — _G3(¢a X) ¢

Ls=Gys(d,X)R + ((11% ( QS)Z -V, V,0 V“V'/gb:

£3 = (05(6,X) Gu V"V — = 390 [(Clg) 306 V,0,6 V4V"6 + 2(V,V.6 V'V V, V)




Even more general scalar fields: Horndeski

Theory Go Gs Gy Gs
GR 0 0 M, /2 0
GR+A — M3 A 0 M, /2 0
Quintessence X —-V(e) 0 M3 /2 0
Brans-Dicke 2wX /¢ 0 /16w 0
k-essence G (¢, X) 0 M3 /2 0
f(R) 2 (65'(9) - £(8) O 2 5(9) 0
Kinetic gravity braiding =~ G(¢, X) Gs(¢, X) M3, /2 0
Cubic Galileon X cs X Mgl /2 0
Non-minimal £¢*R X-V 0 > (M3, + €47 0

Gauss-Bonnet £(¢)G 8¢6WX2(3 —InX) 46 X(7T-3InX) 4(PDX2-InX) —-4¢(WInX



Even more general scalar fields: Horndeski

Good news: All the

function

aMEI/T—3

aT

B

K

2 __
Cp 1

name

Planck-mass run
rate

tensor speed
excess

braiding

kineticity

of Horndeski theories can be summarised in four functions

pps Uy Ay A ge Bellini and Sawicki (2014)

meaning

rate of change of the effective gravitational constant or Planck mass, related to the
friction vy of gravitational waves.

gravitational waves travel at ey # c

kinetic mixing between the scalar and the metric; makes dark energy cluster

the scalar’s own kinetic energy; controls its sound speed



dGy dGs d¢ dG5
2 _ox &t L x5 xg
M: 2((;4 2X +Xd¢ o dx
~ dln M2
M = " qna

2 dGy dGs d’G,  d°Gs
T M2 [ZX(dX T s +2X(dX2 T dXds

1 d¢ [ dG4 d’Gy  d°Gs do [ dGs d*Gs
T H dat ( do _X(ded¢ T g )) X5 3 ax T2 axe

X dG; dH d¢
H dX dt dt

P te ,d’Gs | 1 d¢ (dGs dGj d’Gy  d°Gs d’¢
(3X ax T axe T H (dX i X (2 dx2  dXdé a2 "

02X | dG, _dG; d’G,  d°G;
K= e [ ax ~° d¢ +2X(dX2 - dXd¢

do [ dGs d’Gy d’G; d*Gy
H _ X 9
O ( ixX Sdxde ( dx>  “dx’dé

e (dG4 4G +X(8d2G4 . 4G ) +ax? (2d3G4 d*G; ))

dX  d¢ dx2 “dXd¢ dx® dX2d¢
d¢ (. dGs d’Gs d’Gs
2H3 " |3—2 4+ 17X 2X?
i dt (3 ax T T e
2 d¢ dG,4 dGs d’Gy
*B = o dt [" do +X(dX _2dXd¢)
d¢ ( dG, dGj d°Gy  d°Gs o [ . dGs d°Gs
k. - —75 192X
+2H g (dX do +X(2 axz axas | | T P ax T axe

2X [sz4 4G, (d2¢ qus) dGs]

979
dx do de2 dt | dx



The devastating constraints of gravitational waves

perturbations:

All these equations can

Remember that bounds on | ¢, — ¢| are super-tight, they lead to be proven in tutorial

|ar| < 1071, This can safely be assumed as null.

Propagating this bound, we get G5 = 0 and dG,/dX = 0, simplitying drastically the Lagrangian to:

We talk about



The devastating constraints of gravitational waves

In luminal Horndeski,

lead to:

f(z)og(2)
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Plot made with: https://github.com/mcataneo/mochi_class_public



Scalar fields: Horndeski

Constraints from BAO + CMB + LSS-FS

- -~ DESI BAO+DESY5SN+CMB-nl
: B DESI (BAO+FS)+DESY5SN+CMB-nl I Minimal impact on
6- DESI (BA?+FS)——I?ESY58N——CMB ’ ISW
4 , Q4 (2) |
o (2) = em—g CMB lensing potential
Ao | : .
Bgrows with redshift
) - (2) — Q4 (2)
B — CB QAO
0 1- No Slip: b=V
Instabilities
ACDM o
—2 | | | |
0 1 2 3 4

Ishak (2024) CB

[. Baker lectures




Beyond Horndeski

e Higher spin: Proca, TeVs

e Higher orders : 1(R), 1(T), 1(Q), 1(Q) ...
e More dimensions : DPG gravity

e Thermodynamic gravity

* Non local gravity

AND SO ON



GRis and its worth understanding all its details before going beyond

GR has been validated

Conclusions

in all but quantum regimes

possibilities for moditied gravity models are limited by

Yet there is a lot of them with

Few deep and basic principles allows you to get a

They can be probed by

We

and a lot is yet to come

| Still, | hope you can see a bit better the



lll. Tutorial: a zoom on Brans-Dicke, the ancestor of
all scalar-tensor theories

L. Vacher - Ecole Euclid 2026 133 photo: Slovinsky



What is the origin of inertia?

GMm
R

=~ I/I/lC2

Mach’s principle



Brans-Dicke Lagrangian and equations of motion




Brans-Dicke Lagrangian and equations of motion

Proove that:




Brans-Dicke Lagrangian and equations of motion

Proove that:

ST

B 3+2wT

Lo

Bonus:

Re-use Einstein equations!



Bra
ns-Di
Icke
La
grangi
gian and
equ
ation
s of
moti
ion

Proove that:
VH*T
w =0

Bonus:

Use
Bia
nchi identit
v VFG
w =0



Einstein frame

Proove that:

R _ . - . : 16mG
_ 4 A 1 ~pv —KQ ~ _ 0
S /d ','U\/ |g| 167TG() 59 8ﬂ¢a’/¢ —I_Sm _6 gNV’¢_ ’ "= \/2w—|—3
With: Bonus:
- [2w+3 | O ~ . . -
* =1 Toncs ™o R=0?R+60nQ - 6(VInQ)’




Conformal models do not affect light! > = (

PROOVE IT!



Equations of motion In the Einstein frame




Cosmological evolution




Cosmological evolution




Cosmological evolution

4 x 100 -

100 -

w=1
w=10

w =100
w = 10000

1071

t [Gyr]

10°

10*




Brans-Dicke with a potential

81 V(o)
3 ¢

_ : . 2
2_87TP_ f ﬁﬁb
H—3¢ H¢+6¢2+

b+ 3Hb = 2;13 (p—3P—|—4V(¢)—2 av )

dIn(¢)



Varying G

.0+ 9.6) x 107'° yr~! (LLR)
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Solar system constraints
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